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Abstract
We consider the evolution of an arbitrary quantum dynamical semigroup under frequent
kicks, where each kick is a generic quantum operation. We develop a generalization of the Baker-
Campbell-Hausdorff formula allowing to reformulate such pulsed dynamics as a continuous one.
This reveals an adiabatic evolution. We obtain a very general type of quantum Zeno dynamics,
which unifies all known manifestations in the literature as well as describing new types.
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1 Introduction
Physics is a science that is often based on approximations. From high-energy physics to the
quantum world, from relativity to thermodynamics, approximations not only help us to solve
equations of motion, but also to reduce the model complexity and focus on important ef-
fects. Among the largest success stories of such approximations are the effective generators
of dynamics (Hamiltonians, Lindbladians), which can be derived in quantum mechanics and
condensed-matter physics. The key element in the techniques employed for their derivation are
the separation of different timescales or energy scales.
Recently, in quantum technology, a more active approach to condensed-matter physics and
quantum mechanics has been taken. Generators of dynamics are reversely engineered by tuning
system parameters and device design. This allows the creation of effective generators useful for
many information-theoretic tasks, such as adiabatic quantum computing, reservoir engineering,
quantum gates, to name a few.
A key player for such approximations has been the adiabatic theorem [1, 2]. It exploits a
clear separation of slow and fast timescales and has fascinated generations of physicists due to
its simplicity, its beauty, and its intriguing geometric interpretations. In its original formulation,
the adiabatic theorem deals with generators of dynamics. On the other hand, in quantum tech-
nology, we often deal with discrete dynamics such as fixed gates and quantum maps. It is not
always straightforward, and sometimes seemingly impossible, to translate between continuous
and discrete descriptions. Nothing shows this more clearly than non-Markovian quantum chan-
nels: these are physical operations for which there are no physical (e.g. Lindbladian) generators.
Such maps typically arise from unitary dynamics on slightly larger (but not infinite) spaces,
such as two-level fluctuators forming the environment of solid-state qubits. This makes them
rather common in experiments.
The key question we pose in this article is if discrete dynamics can give rise to a limit
evolution? We provide a positive answer to this question by providing a general mapping from
pulsed to continuous dynamics. Such connections had been noted before only for a specific
unitary case. For the generic situation, we need to develop a more powerful framework. This
is because in the nonunitary case one has to take into account both nondiagonalizability and
noninvertibility of the maps.
We provide a route to connecting strong-coupling limits and frequent pulsed dynamics using
three key ingredients. The first is a slight generalization of the Baker-Campbell-Hausdorff (BCH)
theorem. We employ operator logarithms to describe discrete maps by (potentially unphysical)
generators and unify the product of exponentials up to the first order. Of course, this only works
for invertible maps, so the second ingredient is a very delicate error estimate allowing us to take
logarithms of only the invertible part of a generic map: the remaining part decays anyway. We
believe that these key lemmas will find applications in other areas of quantum technology. The
third and ultimate ingredient is a strong-coupling theorem provided elsewhere, which can be
applied to nonphysical generators. Through the adiabatic theorem, low-energy components are
eliminated and the physicality of the generator is restored. Our approach therefore works for
arbitrary quantum maps without unnecessary structural assumptions.
Our generalization goes in two main directions: 1) the unitary dynamics e−itH is generalized
to an arbitrary quantum semigroup etL; 2) the projective measurement P is generalized to an
arbitrary quantum operation E . Moreover, we also generalize to 3) kicked dynamics of cycles
{E1, . . . , Em} of quantum operations. This unifies many applications, such as the quantum Zeno
effect (QZE), dynamical decoupling, related quantum measurements, and provides a deeper
relationship through adiabaticity. It means that in quantum technology one has more freedom
than previously thought to achieve effective generators.
2 Relation to Previous Work
The type of dynamics encountered in our main theorem can be considered as a very general
type of quantum Zeno dynamics (QZD). Different manifestations of QZD are known [3, 4],
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strong continuous coupling / 
fast oscillations
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strong damping 
(with no persistent oscillations)
Pulsed QZDs (n! +1)
<latexit sha1_base64="ckoiePMUmKvKIdd+ TLuVFK84yws=">AAAJwXicjZbdbts2FMfVrt1ir97SDb3ajTGjQD88Q3Lcpr0LkAHdLgZkRdIWM I2Aoo4dwhQlkFRageFb9AV6uz3R3maULDsSZRuVYYc6/J0/zwfFKEwZlcr3/7tz95t797/97qD T/f5B74cfDx/+9E4mmSBwQRKWiA8hlsAohwtFFYMPqQAchwzeh8vTYv79NQhJE36u8hRmMV5wOq cEK2u6PHyEooUA4N0nHKnkOaJ8rvKnl4cDf+SXV789CKrBwKuus8uHB59RlJAsBq4Iw1JOAz9VM 42FooSB6aFMQorJEi9gaoccxyBnuozf9B9bS9SfJ8J+ueqX1rqHxrGUeRxaMsbqSrpzhXHrnIDr ht/j+mSyzGJMRLLVM4y3maeZmr+aacrTTAEnq8jnGeurpF9Utx9RAUSx3A6sNLXJ98kVFpgo24N eDwng8JEkcYx5pFFkdGRLUzeB0UjBJ6XBGBen6zlqHC9BubKT9hdFVKYM54zGVMmWxNtCv0grS SstazGIJzv4P2OXt5YGX6eVcGlr2Umft+jzPfQSlJkGM32jB4FBAvNFua3qSChwiSBWzhbgTRuR ZjqeaW0u9WBs0JW0rYVn+jd/NI5js8fVBrDyPpqVNwVjNY7aGhYrtNtLkzKJ8SbCQXAzGG/P5Xd QbnUK087yvAXZ7qw0bhDptUud7dYEMXfpwrSPJ1scyF4PusWD7vaQlLfWKG07PU5bK5zu0ceRS1 tLje72UARze9iWh5SOBFgHsQiN9kcvJ0N7Rh4NfeNAIctgTQ3tZ/TSJcoz+BYZTdoiSbFPrAyJ8 +UKOh4PA/snaKnZM96ew3gT2KvJccFNXhfKr33TbaS8ygHVEnJqUsWP6tm4SJUAauTjQusUUDM lF9uEj5x8nMDrcW8J+2tCamS2LTE3lk0oTYzk+Hap8sYBcmAs+bhBqluncev6VG0r2/Vi6PbLqe K6iN2GFMfX+UboaLWj7LZrKq0gVPNwgBhfJQvMN9C0+L8dzfRfa7t7vGQiZeDSZytrqz24pfums LVaZM/NWo+KO3fDAwN1+2iMXgzLx8z07HtM4L61tAfvxqPAPh5/TwYnJ9UbzYH3i/er98QLvGPv xPvDO/MuPOJp74v3j/dv57RDO2lHrNC7dyqfn73G1dH/A0wwq0o=</latexit><latexit sha1_base64="ckoiePMUmKvKIdd+ TLuVFK84yws=">AAAJwXicjZbdbts2FMfVrt1ir97SDb3ajTGjQD88Q3Lcpr0LkAHdLgZkRdIWM I2Aoo4dwhQlkFRageFb9AV6uz3R3maULDsSZRuVYYc6/J0/zwfFKEwZlcr3/7tz95t797/97qD T/f5B74cfDx/+9E4mmSBwQRKWiA8hlsAohwtFFYMPqQAchwzeh8vTYv79NQhJE36u8hRmMV5wOq cEK2u6PHyEooUA4N0nHKnkOaJ8rvKnl4cDf+SXV789CKrBwKuus8uHB59RlJAsBq4Iw1JOAz9VM 42FooSB6aFMQorJEi9gaoccxyBnuozf9B9bS9SfJ8J+ueqX1rqHxrGUeRxaMsbqSrpzhXHrnIDr ht/j+mSyzGJMRLLVM4y3maeZmr+aacrTTAEnq8jnGeurpF9Utx9RAUSx3A6sNLXJ98kVFpgo24N eDwng8JEkcYx5pFFkdGRLUzeB0UjBJ6XBGBen6zlqHC9BubKT9hdFVKYM54zGVMmWxNtCv0grS SstazGIJzv4P2OXt5YGX6eVcGlr2Umft+jzPfQSlJkGM32jB4FBAvNFua3qSChwiSBWzhbgTRuR ZjqeaW0u9WBs0JW0rYVn+jd/NI5js8fVBrDyPpqVNwVjNY7aGhYrtNtLkzKJ8SbCQXAzGG/P5Xd QbnUK087yvAXZ7qw0bhDptUud7dYEMXfpwrSPJ1scyF4PusWD7vaQlLfWKG07PU5bK5zu0ceRS1 tLje72UARze9iWh5SOBFgHsQiN9kcvJ0N7Rh4NfeNAIctgTQ3tZ/TSJcoz+BYZTdoiSbFPrAyJ8 +UKOh4PA/snaKnZM96ew3gT2KvJccFNXhfKr33TbaS8ygHVEnJqUsWP6tm4SJUAauTjQusUUDM lF9uEj5x8nMDrcW8J+2tCamS2LTE3lk0oTYzk+Hap8sYBcmAs+bhBqluncev6VG0r2/Vi6PbLqe K6iN2GFMfX+UboaLWj7LZrKq0gVPNwgBhfJQvMN9C0+L8dzfRfa7t7vGQiZeDSZytrqz24pfums LVaZM/NWo+KO3fDAwN1+2iMXgzLx8z07HtM4L61tAfvxqPAPh5/TwYnJ9UbzYH3i/er98QLvGPv xPvDO/MuPOJp74v3j/dv57RDO2lHrNC7dyqfn73G1dH/A0wwq0o=</latexit><latexit sha1_base64="ckoiePMUmKvKIdd+ TLuVFK84yws=">AAAJwXicjZbdbts2FMfVrt1ir97SDb3ajTGjQD88Q3Lcpr0LkAHdLgZkRdIWM I2Aoo4dwhQlkFRageFb9AV6uz3R3maULDsSZRuVYYc6/J0/zwfFKEwZlcr3/7tz95t797/97qD T/f5B74cfDx/+9E4mmSBwQRKWiA8hlsAohwtFFYMPqQAchwzeh8vTYv79NQhJE36u8hRmMV5wOq cEK2u6PHyEooUA4N0nHKnkOaJ8rvKnl4cDf+SXV789CKrBwKuus8uHB59RlJAsBq4Iw1JOAz9VM 42FooSB6aFMQorJEi9gaoccxyBnuozf9B9bS9SfJ8J+ueqX1rqHxrGUeRxaMsbqSrpzhXHrnIDr ht/j+mSyzGJMRLLVM4y3maeZmr+aacrTTAEnq8jnGeurpF9Utx9RAUSx3A6sNLXJ98kVFpgo24N eDwng8JEkcYx5pFFkdGRLUzeB0UjBJ6XBGBen6zlqHC9BubKT9hdFVKYM54zGVMmWxNtCv0grS SstazGIJzv4P2OXt5YGX6eVcGlr2Umft+jzPfQSlJkGM32jB4FBAvNFua3qSChwiSBWzhbgTRuR ZjqeaW0u9WBs0JW0rYVn+jd/NI5js8fVBrDyPpqVNwVjNY7aGhYrtNtLkzKJ8SbCQXAzGG/P5Xd QbnUK087yvAXZ7qw0bhDptUud7dYEMXfpwrSPJ1scyF4PusWD7vaQlLfWKG07PU5bK5zu0ceRS1 tLje72UARze9iWh5SOBFgHsQiN9kcvJ0N7Rh4NfeNAIctgTQ3tZ/TSJcoz+BYZTdoiSbFPrAyJ8 +UKOh4PA/snaKnZM96ew3gT2KvJccFNXhfKr33TbaS8ygHVEnJqUsWP6tm4SJUAauTjQusUUDM lF9uEj5x8nMDrcW8J+2tCamS2LTE3lk0oTYzk+Hap8sYBcmAs+bhBqluncev6VG0r2/Vi6PbLqe K6iN2GFMfX+UboaLWj7LZrKq0gVPNwgBhfJQvMN9C0+L8dzfRfa7t7vGQiZeDSZytrqz24pfums LVaZM/NWo+KO3fDAwN1+2iMXgzLx8z07HtM4L61tAfvxqPAPh5/TwYnJ9UbzYH3i/er98QLvGPv xPvDO/MuPOJp74v3j/dv57RDO2lHrNC7dyqfn73G1dH/A0wwq0o=</latexit><latexit sha1_base64="ckoiePMUmKvKIdd+ TLuVFK84yws=">AAAJwXicjZbdbts2FMfVrt1ir97SDb3ajTGjQD88Q3Lcpr0LkAHdLgZkRdIWM I2Aoo4dwhQlkFRageFb9AV6uz3R3maULDsSZRuVYYc6/J0/zwfFKEwZlcr3/7tz95t797/97qD T/f5B74cfDx/+9E4mmSBwQRKWiA8hlsAohwtFFYMPqQAchwzeh8vTYv79NQhJE36u8hRmMV5wOq cEK2u6PHyEooUA4N0nHKnkOaJ8rvKnl4cDf+SXV789CKrBwKuus8uHB59RlJAsBq4Iw1JOAz9VM 42FooSB6aFMQorJEi9gaoccxyBnuozf9B9bS9SfJ8J+ueqX1rqHxrGUeRxaMsbqSrpzhXHrnIDr ht/j+mSyzGJMRLLVM4y3maeZmr+aacrTTAEnq8jnGeurpF9Utx9RAUSx3A6sNLXJ98kVFpgo24N eDwng8JEkcYx5pFFkdGRLUzeB0UjBJ6XBGBen6zlqHC9BubKT9hdFVKYM54zGVMmWxNtCv0grS SstazGIJzv4P2OXt5YGX6eVcGlr2Umft+jzPfQSlJkGM32jB4FBAvNFua3qSChwiSBWzhbgTRuR ZjqeaW0u9WBs0JW0rYVn+jd/NI5js8fVBrDyPpqVNwVjNY7aGhYrtNtLkzKJ8SbCQXAzGG/P5Xd QbnUK087yvAXZ7qw0bhDptUud7dYEMXfpwrSPJ1scyF4PusWD7vaQlLfWKG07PU5bK5zu0ceRS1 tLje72UARze9iWh5SOBFgHsQiN9kcvJ0N7Rh4NfeNAIctgTQ3tZ/TSJcoz+BYZTdoiSbFPrAyJ8 +UKOh4PA/snaKnZM96ew3gT2KvJccFNXhfKr33TbaS8ygHVEnJqUsWP6tm4SJUAauTjQusUUDM lF9uEj5x8nMDrcW8J+2tCamS2LTE3lk0oTYzk+Hap8sYBcmAs+bhBqluncev6VG0r2/Vi6PbLqe K6iN2GFMfX+UboaLWj7LZrKq0gVPNwgBhfJQvMN9C0+L8dzfRfa7t7vGQiZeDSZytrqz24pfums LVaZM/NWo+KO3fDAwN1+2iMXgzLx8z07HtM4L61tAfvxqPAPh5/TwYnJ9UbzYH3i/er98QLvGPv xPvDO/MuPOJp74v3j/dv57RDO2lHrNC7dyqfn73G1dH/A0wwq0o=</latexit>
Continuous QZDs (  ! +1)
<latexit sha1_base64="MUZGFWH1+5qT1DtipDGq4UKaCdQ=">AAAJxXicjZbdbts2FMfV7iv 25i3drobeGDMKdJtrSI7btHcBMqDtxYCsSNoCphFQ1LFDWKQEknInKERfYq/Q2+159jYjZdmRKNuYDDvU4e/8eT4oRmEaU6l8/9979z/7/IsvvzrqdL/+pvftd8cPvn8rk0wQuCJJnIj3IZYQUw5Xi qoY3qcCMAtjeBcuz+38uxUISRN+qfIUZgwvOJ1TgpUxXR//iKIwzqD7GC0wYxip5FdE+VzlP18fD/yRX1799iCoBgOvui6uHxz9haKEZAy4IjGWchr4qZoVWChKYtA9lElIMVniBUzNkGMGclaUOe j+I2OJ+vNEmC9X/dJa9ygwkzJnoSEZVjfSnbPGnXMCVg2/R/XJZJkxTESy0zNku8zTTM2fzwrK00wBJ+vI51ncV0nfVrgfUQFExbkZGGlqku+TGywwUaYPvR4SwOEDSUy1eVSgSBeRKU3dBLpACv5U BWjt4nQzR7XjJShXZtL8oojKNMZ5TBlVsiXxxurbtJK00jIWjXiyh3/NXN5YGnydVsKljWUvfdmiLw/QS1B6GsyK22IQaCQwX5Tbqo6EApcIistZC962Eamn41lR6OtiMNboRprWwi/FE380ZkwfcD UBrL1PZuWNZYzGSVvDYFa7vTQpkxhvIxwEt4Px7lx+A+VWx5r2lucNyHZnpXaDSFcudbFfE8Tcpa3pEE92OJCDHnSHB93vISlvrVHa9nqct1Y4P6CPI5c2lhrd7aEI5ubALQ+pIhJgHMQi1IU/ejY ZmjPyZOhrB7Kn7IYams/omUssBAC/Q0aTtkhi94mRISxfrqHT8TAwf4KWmjnnzTmMt4E9n5xabvLCKr/wdbeR8joHVEvIqUkVP6pn4yJVAqiRjwttUkDNlFxsGz5y8nECr8e9I+z/E1Ijs12JubFsQ 2liJMd3S5U3DpBDHCcftkh16zRuU5+qbWW7ng7dfjlV3BSx25DieJVvhU7WO8psu6bSGkI1Dwdg+CZZYL6Fpvb/djQrft/Y3eMlE2kMLn2xtrbag1u6L62t1SJzbtZ6ZO/cDQ8xqLtHY/R0WD5mum feYwL3raU9eDseBebx+GMyODur3miOvIfeT95jL/BOvTPvlXfhXXnE++h98v72/um87LCO6qzW6P17lc8PXuPqfPwPVZCs+g==</latexit><latexit sha1_base64="MUZGFWH1+5qT1DtipDGq4UKaCdQ=">AAAJxXicjZbdbts2FMfV7iv 25i3drobeGDMKdJtrSI7btHcBMqDtxYCsSNoCphFQ1LFDWKQEknInKERfYq/Q2+159jYjZdmRKNuYDDvU4e/8eT4oRmEaU6l8/9979z/7/IsvvzrqdL/+pvftd8cPvn8rk0wQuCJJnIj3IZYQUw5Xi qoY3qcCMAtjeBcuz+38uxUISRN+qfIUZgwvOJ1TgpUxXR//iKIwzqD7GC0wYxip5FdE+VzlP18fD/yRX1799iCoBgOvui6uHxz9haKEZAy4IjGWchr4qZoVWChKYtA9lElIMVniBUzNkGMGclaUOe j+I2OJ+vNEmC9X/dJa9ygwkzJnoSEZVjfSnbPGnXMCVg2/R/XJZJkxTESy0zNku8zTTM2fzwrK00wBJ+vI51ncV0nfVrgfUQFExbkZGGlqku+TGywwUaYPvR4SwOEDSUy1eVSgSBeRKU3dBLpACv5U BWjt4nQzR7XjJShXZtL8oojKNMZ5TBlVsiXxxurbtJK00jIWjXiyh3/NXN5YGnydVsKljWUvfdmiLw/QS1B6GsyK22IQaCQwX5Tbqo6EApcIistZC962Eamn41lR6OtiMNboRprWwi/FE380ZkwfcD UBrL1PZuWNZYzGSVvDYFa7vTQpkxhvIxwEt4Px7lx+A+VWx5r2lucNyHZnpXaDSFcudbFfE8Tcpa3pEE92OJCDHnSHB93vISlvrVHa9nqct1Y4P6CPI5c2lhrd7aEI5ubALQ+pIhJgHMQi1IU/ejY ZmjPyZOhrB7Kn7IYams/omUssBAC/Q0aTtkhi94mRISxfrqHT8TAwf4KWmjnnzTmMt4E9n5xabvLCKr/wdbeR8joHVEvIqUkVP6pn4yJVAqiRjwttUkDNlFxsGz5y8nECr8e9I+z/E1Ijs12JubFsQ 2liJMd3S5U3DpBDHCcftkh16zRuU5+qbWW7ng7dfjlV3BSx25DieJVvhU7WO8psu6bSGkI1Dwdg+CZZYL6Fpvb/djQrft/Y3eMlE2kMLn2xtrbag1u6L62t1SJzbtZ6ZO/cDQ8xqLtHY/R0WD5mum feYwL3raU9eDseBebx+GMyODur3miOvIfeT95jL/BOvTPvlXfhXXnE++h98v72/um87LCO6qzW6P17lc8PXuPqfPwPVZCs+g==</latexit><latexit sha1_base64="MUZGFWH1+5qT1DtipDGq4UKaCdQ=">AAAJxXicjZbdbts2FMfV7iv 25i3drobeGDMKdJtrSI7btHcBMqDtxYCsSNoCphFQ1LFDWKQEknInKERfYq/Q2+159jYjZdmRKNuYDDvU4e/8eT4oRmEaU6l8/9979z/7/IsvvzrqdL/+pvftd8cPvn8rk0wQuCJJnIj3IZYQUw5Xi qoY3qcCMAtjeBcuz+38uxUISRN+qfIUZgwvOJ1TgpUxXR//iKIwzqD7GC0wYxip5FdE+VzlP18fD/yRX1799iCoBgOvui6uHxz9haKEZAy4IjGWchr4qZoVWChKYtA9lElIMVniBUzNkGMGclaUOe j+I2OJ+vNEmC9X/dJa9ygwkzJnoSEZVjfSnbPGnXMCVg2/R/XJZJkxTESy0zNku8zTTM2fzwrK00wBJ+vI51ncV0nfVrgfUQFExbkZGGlqku+TGywwUaYPvR4SwOEDSUy1eVSgSBeRKU3dBLpACv5U BWjt4nQzR7XjJShXZtL8oojKNMZ5TBlVsiXxxurbtJK00jIWjXiyh3/NXN5YGnydVsKljWUvfdmiLw/QS1B6GsyK22IQaCQwX5Tbqo6EApcIistZC962Eamn41lR6OtiMNboRprWwi/FE380ZkwfcD UBrL1PZuWNZYzGSVvDYFa7vTQpkxhvIxwEt4Px7lx+A+VWx5r2lucNyHZnpXaDSFcudbFfE8Tcpa3pEE92OJCDHnSHB93vISlvrVHa9nqct1Y4P6CPI5c2lhrd7aEI5ubALQ+pIhJgHMQi1IU/ejY ZmjPyZOhrB7Kn7IYams/omUssBAC/Q0aTtkhi94mRISxfrqHT8TAwf4KWmjnnzTmMt4E9n5xabvLCKr/wdbeR8joHVEvIqUkVP6pn4yJVAqiRjwttUkDNlFxsGz5y8nECr8e9I+z/E1Ijs12JubFsQ 2liJMd3S5U3DpBDHCcftkh16zRuU5+qbWW7ng7dfjlV3BSx25DieJVvhU7WO8psu6bSGkI1Dwdg+CZZYL6Fpvb/djQrft/Y3eMlE2kMLn2xtrbag1u6L62t1SJzbtZ6ZO/cDQ8xqLtHY/R0WD5mum feYwL3raU9eDseBebx+GMyODur3miOvIfeT95jL/BOvTPvlXfhXXnE++h98v72/um87LCO6qzW6P17lc8PXuPqfPwPVZCs+g==</latexit><latexit sha1_base64="MUZGFWH1+5qT1DtipDGq4UKaCdQ=">AAAJxXicjZbdbts2FMfV7iv 25i3drobeGDMKdJtrSI7btHcBMqDtxYCsSNoCphFQ1LFDWKQEknInKERfYq/Q2+159jYjZdmRKNuYDDvU4e/8eT4oRmEaU6l8/9979z/7/IsvvzrqdL/+pvftd8cPvn8rk0wQuCJJnIj3IZYQUw5Xi qoY3qcCMAtjeBcuz+38uxUISRN+qfIUZgwvOJ1TgpUxXR//iKIwzqD7GC0wYxip5FdE+VzlP18fD/yRX1799iCoBgOvui6uHxz9haKEZAy4IjGWchr4qZoVWChKYtA9lElIMVniBUzNkGMGclaUOe j+I2OJ+vNEmC9X/dJa9ygwkzJnoSEZVjfSnbPGnXMCVg2/R/XJZJkxTESy0zNku8zTTM2fzwrK00wBJ+vI51ncV0nfVrgfUQFExbkZGGlqku+TGywwUaYPvR4SwOEDSUy1eVSgSBeRKU3dBLpACv5U BWjt4nQzR7XjJShXZtL8oojKNMZ5TBlVsiXxxurbtJK00jIWjXiyh3/NXN5YGnydVsKljWUvfdmiLw/QS1B6GsyK22IQaCQwX5Tbqo6EApcIistZC962Eamn41lR6OtiMNboRprWwi/FE380ZkwfcD UBrL1PZuWNZYzGSVvDYFa7vTQpkxhvIxwEt4Px7lx+A+VWx5r2lucNyHZnpXaDSFcudbFfE8Tcpa3pEE92OJCDHnSHB93vISlvrVHa9nqct1Y4P6CPI5c2lhrd7aEI5ubALQ+pIhJgHMQi1IU/ejY ZmjPyZOhrB7Kn7IYams/omUssBAC/Q0aTtkhi94mRISxfrqHT8TAwf4KWmjnnzTmMt4E9n5xabvLCKr/wdbeR8joHVEvIqUkVP6pn4yJVAqiRjwttUkDNlFxsGz5y8nECr8e9I+z/E1Ijs12JubFsQ 2liJMd3S5U3DpBDHCcftkh16zRuU5+qbWW7ng7dfjlV3BSx25DieJVvhU7WO8psu6bSGkI1Dwdg+CZZYL6Fpvb/djQrft/Y3eMlE2kMLn2xtrbag1u6L62t1SJzbtZ6ZO/cDQ8xqLtHY/R0WD5mum feYwL3raU9eDseBebx+GMyODur3miOvIfeT95jL/BOvTPvlXfhXXnE++h98v72/um87LCO6qzW6P17lc8PXuPqfPwPVZCs+g==</latexit>
Figure 1: Different manifestations of QZD [3,4] (experimental comparisons are found in Refs. [15,16]). The standard
way to induce the QZD is to frequently perform projective measurements, each represented by a projection P [5, 6].
It can also be induced via frequent unitary kicks with an instantaneous unitary U [7,8], or via cycles of a bang-bang
sequence of multiple unitaries Ui (i = 1, . . . ,m) [17–23]. In contrast to these pulsed strategies, the QZD can be
induced by continuously applying a strong external field represented by a unitary generator K [9, 10], or by putting
the system under strong damping D relaxing the system to a steady subspace as etD → Pϕ, as t→ +∞ [11–14,25,26].
In any case, a unitary generator H is projected to a Zeno generator HZ . See the text concerning how it is actually
projected. In this paper, we focus on the pulsed strategies. As for the continuous strategies, see Ref. [27].
(i) via frequent projective measurements [5, 6], (ii) via frequent unitary kicks [7, 8], (iii) via
strong continuous coupling/fast oscillations [9, 10], and (iv) via strong damping [11–14] (see
Refs. [15, 16] for experimental comparisons). Dynamical decoupling [17–23] (see also Ref. [24])
are also regarded as manifestations of the QZD. See Fig. 1 for a summary for these different
manifestations of the QZD.
Since pulsed strategies will be the main subject of this article, it is convenient to recapitulate
their main features.
(i) Frequent projective measurements: The standard way to induce the QZD is to
perform projective measurements frequently [10, 28]. Consider a quantum system on a finite-
dimensional Hilbert space with a Hamiltonian H = H†. During the unitary evolution e−itH for
time t with H = [H, q ], we perform projective measurement n times at regular time intervals.
The measurement is represented by a set of orthogonal projection operators {Pk} acting on
the Hilbert space, satisfying PkP` = Pkδk` and
∑
k Pk = I. We retain no outcome of the
measurement, i.e., our measurement is a nonselective one, described by the projection P acting
on a density operator ρ as
P(ρ) =
∑
k
PkρPk. (2.1)
In the limit of infinitely frequent measurements (Zeno limit), the evolution of the system is
described by (
Pe−i tnH
)n
→ e−itPHPP = e−itHZP as n→ +∞, (2.2)
where HZ = [HZ , q ] with
HZ =
∑
k
PkHPk. (2.3)
In the Zeno limit, the transitions among the subspaces specified by the projection operators
{Pk} are suppressed. This is the QZE. The system meanwhile evolves unitarily within the
subspaces (Zeno subspaces [10]) with the projected Hamiltonian (Zeno Hamiltonian) HZ . This
is the QZD.
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(ii) Frequent unitary kicks: Instead of measurement, we can apply a series of unitary
kicks to induce the QZD [7, 8]. During the unitary evolution e−itH for time t, we apply an
instantaneous unitary transformation U = U q U†, with U† = U−1, repeatedly n times at
regular time intervals t/n. In the limit of infinitely frequent unitary kicks, the evolution of the
system is described by [7] (
Ue−i tnH
)n
∼ Une−itHZ as n→ +∞, (2.4)
where HZ in this case is defined by Eq. (2.3) with the eigenprojections {Pk} of the spectral
representation of the unitary U =
∑
k e
−iηkPk.
In a previous article [27], we have unified and generalized the continuous strategies (iii) and
(iv), by proving (Theorem 2 of Ref. [27]), for arbitrary Markovian generators L and D of the
Gorini-Kossakowski-Lindblad-Sudarshan (GKLS) form [29,30],
et(γD+L) = etγDetLZPϕ +O(1/γ) as γ → +∞ (2.5)
with
LZ =
∑
αk∈iR
PkLPk, (2.6)
where Pk is the spectral projection onto the eigenspace of D belonging to the eigenvalue αk
and Pϕ =
∑
αk∈iR Pk is the projection onto the peripheral spectrum of D. This includes both
QZDs (iii) and (iv), and both mechanisms can be effective simultaneously. It also generalizes the
QZDs (iii) and (iv) to nonunitary (Markovian) evolutions, projecting generic GKLS generators
instead of Hamiltonians. The above theorem has been proved by the generalized adiabatic
theorem (Theorem 1 of Ref. [27]), which is an extension of the adiabatic theorem proved by
Kato for unitary evolution [2].
With our main Theorem 1 below, we further unify the pulsed strategies (i) and (ii) with the
continuous ones (iii) and (iv). This also enables us to unify and to generalize the bang-bang
decoupling/dynamical decoupling to the bang-bang decoupling/dynamical decoupling by cycles
of multiple quantum operations (Theorem 1), including non-Markovian ones [31]. As an inter-
esting variant of it, we present the QZD via cycles of different selective projective measurements
(Corollary 2), generalizing the standard QZD via (i) frequent selective projective measurements.
We shall look at some simple examples and show that realistic unsharp (nonprojective) mea-
surements can be practically more efficient to induce the QZD than the strong (projective)
measurements (Sec. 8). This generalizes Refs. [33,34] for the QZD by a particular type of weak
measurement.
3 Some Preliminaries on Quantum Operations
Let us recall that every linear operator A on a finite-dimensional space can be expressed (es-
sentially) uniquely in terms of its Jordan normal form (canonical form or spectral representa-
tion) [35]:
A =
∑
k
(λkPk +Nk),
where {λk}, the spectrum of A, is the set of distinct eigenvalues of A (λk 6= λ` for k 6= `), {Pk},
the spectral projections of A, are the corresponding eigenprojections, satisfying
PkP` = δk`Pk,
∑
k
Pk = I, (3.1)
for all k and `, and {Nk} are the corresponding nilpotents of A, satisfying for all k and `
PkN` = N`Pk = δk`Nk, N
nk
k = 0,
for some integer 1 ≤ nk ≤ rankPk.
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Notice that the spectral projections, which determine a partition of the space through the
resolution of identity (3.1), are not Hermitian in general, Pk 6= P †k . An eigenvalue λk of A
is called semisimple or diagonalizable if the corresponding nilpotent Nk is zero (equivalently,
nk = 1). The operator A is diagonalizable if and only if all its eigenvalues are semisimple.
The main actors in our investigation are the quantum operations [36], that is, maps E that
are completely positive (CP) and trace-nonincreasing, tr[E(ρ)] ≤ tr ρ. We recall that a map E
on a d-dimensional quantum system is a quantum operation iff it has an operator-sum (Kraus)
representation of the form
E(X) =
m∑
j=1
KjXK
†
j with
m∑
j=1
K†jKj ≤ I, (3.2)
where m ≤ d2. When∑j K†jKj = I, the map is trace-preserving (TP) and one gets a completely
positive trace-preserving (CPTP) map, also known as a quantum channel.
In the following, it will be convenient to endow the space of operators on a d-dimensional
Hilbert space with the Hilbert-Schmidt inner product 〈A|B〉2 = tr(A†B), which makes the space
of operators a d2-dimensional Hilbert space T2. We get that the adjoint E† [with respect to the
Hilbert-Schmidt inner product, defined through 〈A|E(B)〉2 = 〈E†(A)|B〉2 for all A,B ∈ T2] of
the quantum operation E in Eq. (3.2) has the operator sum
E†(X) =
∑
j
K†jXKj ,
and thus is subunital E†(I) ≤ I. It is unital iff E is CPTP. Moreover, given a Hermitian
operator H = H†, then the corresponding superoperator H = [H, q ] is also Hermitian (with
respect to the Hilbert-Schmidt inner product), H = H†, namely 〈A|H(B)〉2 = 〈H(A)|B〉2 for
all A,B ∈ T2. As a consequence, the unitary group t 7→ e−itH is lifted to a unitary group
t 7→ e−itH = e−itH q eitH . Finally, a (Hermitian) projection P = P 2 (= P †) is lifted to a
(Hermitian) projection P = P q P , satisfying P = P2 (= P†).
We use the operator (2–2) norm, when we need to specify the norm of a map A : T2 → T2,
‖A‖ = sup
‖X‖2=1
‖A(X)‖2, (3.3)
where ‖X‖2 = (〈X|X〉2)1/2 for X ∈ T2. It coincides with the largest singular value of A,
‖A‖ = sup
‖X‖2=1
(〈A(X)|A(X)〉2)1/2 = sup
‖X‖2=1
(〈X|(A†A)(X)〉2)1/2 = r(A†A)1/2,
with r(A†A) being the spectral radius of A†A.
We now state without proofs some useful spectral properties of the quantum operations.
For further details and proofs see e.g. Ref. [37], and in particular Propositions 6.1–6.3 and
Theorem 6.1 therein.
Proposition 1 (Spectral properties of quantum operations). Let E be a quantum operation on
a finite-dimensional space. Then, the following properties hold:
(i) The spectrum {λk} of E is confined in the closed unit disc D = {λ ∈ C, |λ| ≤ 1}. Moreover,
all the “peripheral” eigenvalues, belonging to the boundary of D, i.e. on the unit circle
∂D = {λ ∈ C, |λ| = 1}, are semisimple. If E is TP, then λ = 1 is an eigenvalue of E.
(ii) The canonical form of E reads
E = Eϕ +
∑
|λk|<1
(λkPk +Nk),
where
Eϕ =
∑
|λk|=1
λkPk
is the “peripheral” part of E, and {Pk} and {Nk} are the spectral projections and the
nilpotents of E, respectively.
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(iii) The peripheral part Eϕ and the projection onto the peripheral spectrum of E,
Pϕ =
∑
|λk|=1
Pk,
are both quantum operations, and Eϕ = EPϕ = PϕE. The maps Eϕ and Pϕ are TP iff E is
TP.
(iv) The inverse of Eϕ on the range of Pϕ,
E−1ϕ =
∑
|λk|=1
λ−1k Pk,
satisfying E−1ϕ Eϕ = EϕE−1ϕ = Pϕ, is also a quantum operation, and it is TP if E is TP.
Similar properties hold for GKLS generators L, whose exponential etL is CPTP for all t ≥ 0.
See Proposition 1 of Ref. [27].
Remark 1. Note that if the peripheral spectrum is empty then all peripheral maps are null,
Pϕ = Eϕ = E−1ϕ = 0. By property (i), this cannot happen if E is TP.
4 Main Theorem
The main result of this paper is the unification of the pulsed QZDs, via (i) frequent projec-
tive measurements and via (ii) frequent unitary kicks, which at the same time allows us to
generalize the pulses to arbitrary quantum operations. We further generalize the bang-bang
decoupling/dynamical decoupling to cycles of generic kicks. These are all summarized in the
following theorem, which will be proved in Sec. 7:
Theorem 1 (QZD by cycles of generic kicks). Let {E1, . . . , Em} be a finite set of quantum
operations and L be a GKLS generator. Then, we have(
Eme tmnL · · · E1e tmnL
)n
= EnϕetLZ +O(1/n) as n→ +∞, (4.1)
uniformly in t on compact intervals of [0,+∞), with
LZ =
∑
|λk|=1
PkLPk, L = 1
m
(
L+ E−1ϕ
m∑
j=2
Em · · · EjLEj−1 · · · E1
)
, (4.2)
where Pk is the spectral projection of E = Em · · · E1 belonging to the eigenvalue λk, and Eϕ and
E−1ϕ are the peripheral part of E and its peripheral inverse, respectively.
In particular, for m = 1, we have the following corollary, which covers both QZDs via (i)
projective measurements and via (ii) unitary kicks, and generalizes them to generic kicks:
Corollary 1 (QZD by generic kicks). Let E be a quantum operation and L be a GKLS generator.
Then, we have (
Ee tnL
)n
= EnϕetLZ +O(1/n) as n→ +∞,
uniformly in t on compact intervals of [0,+∞), with
LZ =
∑
|λk|=1
PkLPk,
where Pk is the spectral projection of E belonging to the eigenvalue λk, and Eϕ is the peripheral
part of E.
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If in the above statements the maps E and E1, . . . , Em are assumed to be CPTP and de-
scribe measurement processes, they are nonselective measurements. An interesting corollary of
Theorem 1 is available for selective measurements. In particular, we provide a corollary for the
QZD via cycles of multiple selective projective measurements. This is a generalization of the
standard QZD via (i) frequent selective projective measurements.
Corollary 2 (QZD by cycles of projective measurements). Let {P1, . . . ,Pm} be a finite set
of Hermitian projections on the Hilbert-Schmidt space T2 of operators on a finite-dimensional
Hilbert space, and L be a GKLS generator. The projections are not assumed to be pairwise
orthogonal, i.e. PiPj 6= 0 for i 6= j, in general. Then, we have(
Pme tmnL · · · P1e tmnL
)n
= PϕetPϕLPϕ +O(1/n) as n→ +∞, (4.3)
uniformly in t on compact intervals of R, where Pϕ = P1 ∧ P2 ∧ · · · ∧ Pm is the Hermitian
projection onto the intersection of the ranges of the projections P1, . . . ,Pm. If such intersection
is trivial, then Pϕ = 0, and the sequence in Eq. (4.3) just decays to zero.
Proof. The proof makes use of the crucial fact that the peripheral part of the product of the
Hermitian projections E = Pm · · · P1 reads
Eϕ = E−1ϕ = Pϕ (4.4)
(λ = 1 is the only peripheral eigenvalue of E), and PϕPj = PjPϕ = Pϕ for all j = 1, . . . ,m.
This will be proved in Lemma 8. Then, Eq. (4.4) implies that Enϕ = Pnϕ = Pϕ, and L in Eq. (4.2)
of Theorem 1 is simplified to
L = 1
m
(
L+ PϕL
m∑
j=2
Pj−1 · · · P1
)
.
Therefore, LZ in Eq. (4.2) of Theorem 1 reads
LZ =
∑
|λk|=1
PkLPk = PϕLPϕ = PϕLPϕ,
and Eq. (4.1) of Theorem 1 becomes Eq. (4.3).
Remark 2. Let us consider a unitary evolution, L = −i[H, q ] with H = H†. For Pj = Pj q Pj ,
with P1, . . . , Pm being Hermitian projections, Eq. (4.3) particularises to(
Pme
−i tmnH · · ·P1e−i tmnH
)n
= Pϕe
−itPϕHPϕ +O(1/n) as n→ +∞,
where Pϕ = P1 ∧ P2 ∧ · · · ∧ Pm is the Hermitian projection onto the intersection of the ranges
of P1, . . . , Pm, and one gets a QZD by cycles of (nonorthogonal) selective measurements.
More generally, if
Pj =
nj∑
k=1
P
(j)
k
q P (j)k ,
where {P (j)1 , . . . , P (j)nj }j=1,...,m are sets of Hermitian projections with P (j)k P (j)` = δk`P (j)k , then
one gets a QZD by cycles of (nonorthogonal) partially selective measurements.
A particular case is when
∑nj
k=1 P
(j)
k = I for all j = 1, . . . ,m, and one has a cycle of
nonselective (i.e. CPTP) measurements.
The proof of Theorem 1 consists of several steps as outlined in Figure 2. Before we prove
the theorem, we provide the required key lemmas in the next section.
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Figure 2: Summary of the results.
5 Key Lemmas
The key idea is to bridge from the pulsed strategies to the continuous strategies via the BCH
formula [32], and then prove the Zeno limit by the generalized adiabatic theorem, which was
proved and used to unify the continuous strategies in Ref. [27] (Theorems 1 and 2 therein). In
this way, the pulsed strategies are unified with the continuous strategies. The key lemma for
the bridge is the following:
Lemma 1 (Pulsed vs continuous for invertible kicks). Let E and L be linear operators on a
finite-dimensional Banach space, with E invertible. Let A = logE be a primary logarithm of E,
so that eA = E. Then, we have(
Ee
t
nL
)n
= enA+tL˜ +O(1/n) as n→ +∞, (5.1)
uniformly in t on compact intervals of R, with
L˜ = g(adA)(L), (5.2)
where g is the meromorphic function on C defined by
g(z) =

z
1− e−z (z /∈ 2piiZ),
1 (z = 0),
(5.3)
and adA = [A, q ].
Proof. We will prove it in the next section, in Sec. 6.
Remark 3. Notice that the assumption that A be a primary logarithm of E is necessary to get
Eq. (5.1), as the following example shows. Take A = I and L = X, the first Pauli matrix on
C2. Then, we have (
Ee
t
nL
)n
=
(
Ie
t
nX
)n
= etX .
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Consider A = 2piiZ, where Z is the third Pauli matrix. Then, eA = e2piiZ = I = E, but A is
not a primary logarithm of E. It is apparent that there exists no matrix B such that
etX = e2npiiZ+tB +O(1/n),
since e2npiiZ+tB = etBZ + O(1/n) as a strong-coupling limit [27], with BZ a diagonal matrix.
Thus, Eq. (5.1) does not hold for A = 2piiZ.
We can apply this lemma to physical situations where E are invertible quantum operations
and L are GKLS generators. This lemma is however useful only for invertible E, and cannot
accommodate e.g. the standard QZD via projective measurements. To circumvent this problem,
we can consider instead the primary logarithm of E+Q, with Q a projection onto the kernel of
E, and by projecting L on a complementary space:
Lemma 2 (Pulsed vs continuous for noninvertible kicks). Let E and L be linear operators on
a finite-dimensional Banach space. Let Q be a projection onto kerE and set P = 1 − Q. Let
A = log(E +Q) be a primary logarithm of the invertible operator E +Q, so that eA = E +Q.
Then, we have (
Ee
t
nPLP
)n
= enA+tL˜P +O(1/n) as n→ +∞,
uniformly in t on compact intervals of R, with
L˜ = Pg(adA)(L)P,
where g is the meromorphic function on C defined in Eq. (5.3).
Proof. Notice first that, even when E is not invertible, F = E + Q is invertible, and we can
consider one of its primary logarithms, say A = logF . Then, We can apply Lemma 1 as(
Ee
t
nPLP
)n
=
(
F e
t
nPLP
)n
P =
(
eAe
t
nPLP
)n
P = enA+tg(adA)(PLP )P +O(1/n)
for large n. Since [P, F ] = 0, it implies [P,A] = 0, and we have
g(adA)(PLP ) = Pg(adA)(L)P = L˜.
The statement of the lemma thus holds.
Remark 4. If E is invertible, i.e. kerE = {0}, then Q = 0 and P = 1, and Lemma 2 is reduced
to Lemma 1.
Remark 5. If L in the exponent on the right-hand side of Eq. (2) is not projected by P , we
are not allowed to promote E to E + Q to define A = log(E + Q), since e
t
nL is in general not
commutative with P .
The second ingredient to bridge a pulsed dynamics to a continuous one is the following
approximation lemma:
Lemma 3 (Asymptotic projection of a sequence of operators). Let (En) be a sequence of linear
operators on a finite-dimensional Banach space and P (= P 2) be a projection. Assume that the
following conditions hold:
1. The operators En asymptotically commute with P as
PEn = EnP +O(1/n) as n→ +∞. (5.4)
2. There exist M ≥ 0 and n0 > 0 such that, for all n ≥ n0,
‖(PEnP )k‖ ≤M, ∀k ∈ N. (5.5)
3. There exist K ≥ 0, µ ∈ [0, 1), and n0 > 0 such that, for all n ≥ n0,
‖(En − PEnP )k‖ ≤ Kµk, ∀k ∈ N. (5.6)
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Then, we have
Enn = (PEnP )
n +O(1/n) as n→ +∞.
Proof. The proof is given in Appendix B.
Remark 6. For a sequence of quantum operations (En) converging to a quantum operation E as
En = E+O(1/n) as n→ +∞, all the conditions 1–3 of Lemma 3 are automatically fulfilled with
the peripheral projection Pϕ of E taken as P . See Lemmas 4 and 5 given in Appendix A, which
guarantee conditions 2 and 3 for the sequence of quantum operations (En). Then, according to
Lemma 3, we have
Enn = (PϕEnPϕ)n +O(1/n) as n→ +∞. (5.7)
We will use these lemmas to prove Theorem 1.
6 Proof of Lemma 1
Let us prove Lemma 1, which is the key to the proof of Theorem 1.
Proof of Lemma 1. First, let us recall some properties of functions of operators on a finite-di-
mensional Banach space (see e.g. Refs. [35], [38, Chap. 1], and [39, Sec. 6.2]). Given a function
h(z) on the complex plane, we wish to define a function h(X) on operators X. Notice that, in
general, an operator function h(X) does not have a series expansion, unless the spectrum of X
lies within the convergence radius of a power series of the function h(z). Neverthless, by making
use of the resolvent (zI−X)−1 of the operator X, we can define functions h(X) of X for a large
class of functions h.
Suppose that h(z) is holomorphic in a domain ∆ of the complex plane containing the spec-
trum of X, and let Γ ⊂ ∆ be a smooth curve with positive direction enclosing all the eigenvalues
in its interior. Then, a primary function h(X) is defined by the Dunford-Taylor integral
h(X) =
1
2pii
∮
Γ
dz h(z)
1
zI −X . (6.1)
More generally, Γ may consist of several simple closed curves, such that the union of their
interiors contains all the eigenvalues of X. Note that Eq. (6.1) does not depend on Γ as long as
the latter satisfies these conditions, that is h(z) is holomorphic in ∆ and Γ ⊂ ∆. Now, let us
start the proof of Lemma 1.
Step 1. We wish to define a logarithm of E. Since E is invertible, its spectrum σ(E) does
not contain 0. Choose a a half-line c = {reiϕ ∈ C | r ≥ 0} such that c ∩ σ(E) = ∅, and let
h(z) = log z denote a branch of the logarithm function. Take a contour Γ enclosing all the
eigenvalues of E and contained in ∆ = C \ c. See Fig. 3. Since h(z) is analytic in ∆, it can be
taken as a stem function to define a primary logarithm function A = logE by Eq. (6.1), and
eA = E is inherited from the functional properties of the function h(z). Note that there is a
neighborhood of E on which this logarithm function is well-defined [35,40].
Step 2. Given the operator A = logE, we follow the proof of the BCH formula given in
Sec. 5.5 of Ref. [32]. For n large enough, eAe
s
nL = Ee
s
nL is invertible and lies in the neighborhood
of E for all 0 ≤ s ≤ t, whence its logarithm is defined by the integral (6.1) along the same contour
Γ. Let
Z(s) = log(eAe
s
nL)
for 0 ≤ s ≤ t. Z(s) is an analytic operator-valued function and
e−Z(s)
d
ds
eZ(s) = (eAe
s
nL)−1eAe
s
nL
1
n
L =
1
n
L. (6.2)
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c
Figure 3: An example of contour Γ to define a primary logarithm function of an operator E. The
crosses represent the eigenvalues of E, the cut c does not intersect any eigenvalue, and the contour
Γ runs in the domain of analiticity ∆ = C \ c of a branch h(z) = log z of the logarithm function,
and encloses all the eigenvalues.
On the other hand, by Theorem 5.4 of Ref. [32], we have
e−Z(s)
d
ds
eZ(s) = f(adZ(s))
(
dZ(s)
ds
)
, (6.3)
where
f(z) =
∞∑
n=0
(−1)n
(n+ 1)!
zn =

1− e−z
z
(z 6= 0),
1 (z = 0)
is an entire analytic function, and the superoperator f(adZ(s)) is defined by Eq. (6.1) for a given
curve Γ enclosing the spectrum of adZ(s) for all 0 ≤ s ≤ t. Notice that f(adZ(0)) = f(adA), and
that f(z) = 0 only at the imaginary points zk = 2piik with k ∈ Z \ {0}.
Step 3. Now, we wish to invert Eq. (6.3) in order to obtain an explicit expression for the
derivative dZ(s)/ds. We claim that f(adA) is invertible. That is to say that all eigenvalues of
adA are not zeros of f(z), namely that ker(adA−zk) = {0} for all k ∈ Z \ {0}. Indeed, let the
operator X∗ belong to ker(adA−zk) for some k ∈ Z \ {0}. Then,
adA(X∗) = [A,X∗] = zkX∗. (6.4)
By exponentiating it, we get et adA(X∗) = etAX∗e−tA = etzkX∗ for all t ∈ R. In particular, at
t = 1,
eAX∗e−A = ezkX∗,
that is EX∗E−1 = X∗, whence [E,X∗] = 0. But this implies that also A = logE, as a function
of E, commutes with X∗, namely
adA(X∗) = [A,X∗] = 0,
which, together with Eq. (6.4), implies that X∗ = 0, since zk 6= 0.
Hence the superoperator f(adA) is invertible. Furthermore, this implies that the inverse of
f(adZ(s)) does exist for all 0 ≤ s ≤ t, if n is large enough. It is given by g(adZ(s)), defined by
the stem function g(z) = 1/f(z), that is the meromorphic function given in Eq. (5.3).
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We can then combine Eqs. (6.2) and (6.3) to obtain
dZ(s)
ds
=
1
n
g(adZ(s))(L). (6.5)
Noting that Z(0) = A, we integrate Eq. (6.5) to get
Z(t) = log(eAe
t
nL) = A+
1
n
∫ t
0
ds g(adZ(s))(L). (6.6)
Step 4. We are only interested in terms up to O(1/n) as n → +∞. By the integral repre-
sentation (6.1) for h(z) analytic on a domain ∆ and for the spectrum of X + 1nY enclosed by
Γ ⊂ ∆, we have
h
(
X +
1
n
Y
)
=
1
2pii
∮
Γ
dz h(z)
1
zI −X − 1nY
=
1
2pii
∮
Γ
dz h(z)
1
zI −X
1
I − 1nY (zI −X)−1
=
1
2pii
∮
Γ
dz h(z)
(
1
zI −X +
1
n
1
zI −XY
1
zI −X +O(1/n
2)
)
= h(X) +O(1/n),
for all n > n0 for some n0 > 0. Therefore, for h(z) = log z we get Z(s) = log(e
Ae
s
nL) =
A+O(1/n), which implies adZ(s) = adA +O(1/n). Then, expanding g(adZ(s)) in Eq. (6.6), we
get
log(eAe
t
nL) = A+
1
n
∫ t
0
ds g(adA)(L) +O(1/n2)
= A+
t
n
g(adA)(L) +O(1/n2)
= A+
t
n
L˜+O(1/n2),
with L˜ as in Eq. (5.2). Exponentiating it, we obtain
eAe
t
nL = eA+
t
n L˜+O(1/n2),
whence
(eAe
t
nL)n = enA+tL˜+O(1/n),
which gives the result (5.1) for E invertible. Uniformity in t is straightforward.
Remark 7. We remark that, compared to the BCH formula, this lemma does not have to impose
the condition on E − I or L being small. The difference is that we have the freedom to choose
n large, and that we have the freedom to choose an appropriate logarithm A.
Remark 8. Furthermore, we note that implementing g(adA) for the stem function g(z) given in
Eq. (5.3) numerically (for a matrix A) is a difficult business because 1−e−adA of its denominator
is not invertible itself. We can define such matrix functions in general through Jordan form and
the derivatives of the stem function g(z). However, this brings in the usual stability issues of
the Jordan form. Instead, we can implement it via
f(adA)(X) =
(
1− e−adA
adA
)
(X) = e−A
d
dt
eA+tX
∣∣∣∣
t=0
,
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noting that the derivative ddte
A+tX
∣∣
t=0
on the right-hand side is easy to implement. For in-
stance [38, Theorem 3.6], it is given by the top-right block of
exp
(
A X
0 A
)
.
We vectorize the matrix X and eventually get the matrix elements of the supermap f(adA),
which we then invert.
7 Proof of Theorem 1
Now, we prove Theorem 1.
Proof of Theorem 1. The proof consists of three steps. We first use Lemma 3 to cut the non-
peripheral part of the kick. Then, we apply Lemma 2 to bridge from the pulsed strategy to the
continuous strategy, which opens a way to carry out the Zeno limit by the generalized adiabatic
theorem (Theorem 1 of [27]).
Step 1. First, we claim that as n→ +∞ one gets(
Eme tmnL · · · E1e tmnL
)n
=
(
Eϕe tnPϕLPϕ
)n
+O(1/n) as n→ +∞, (7.1)
where L is given in Eq. (4.2), Pϕ is the projection onto the peripheral spectrum of E = Em · · · E1,
and Eϕ and E−1ϕ are the peripheral part of E and its peripheral inverse, respectively. Indeed,
E˜n = Eme tmnL · · · E1e tmnL is a quantum operation, and for large n, we have
E˜n = Eme tmnL · · · E1e tmnL
= E + t
mn
(
EL+
m∑
j=2
Em · · · EjLEj−1 · · · E1
)
+O(1/n2). (7.2)
This satisfies the condition
E˜n = E +O(1/n)
(Lemma 6), and we can apply Lemma 3 (see Remark 6). We thus have
E˜nn = (PϕE˜nPϕ)n +O(1/n). (7.3)
Since
PϕE˜nPϕ = PϕEme tmnL · · · E1e tmnLPϕ
= Pϕ
[
E + t
mn
(
EL+
m∑
j=2
Em · · · EjLEj−1 · · · E1
)
+O(1/n2)
]
Pϕ
= Eϕ
[
1 +
t
mn
Pϕ
(
L+ E−1ϕ
m∑
j=2
Em · · · EjLEj−1 · · · E1
)
Pϕ +O(1/n2)
]
= Eϕe tnPϕLPϕ+O(1/n2),
Eq. (7.3) implies Eq. (7.1).
Step 2. By applying Lemma 2 with E = Eϕ, L = L, and P = Pϕ to the right-hand side of
Eq. (7.1), one gets for large n(
Eme tmnL · · · E1e tmnL
)n
= enA+tL˜Pϕ +O(1/n), (7.4)
where A is a primary logarithm of Eϕ + (1− Pϕ), and
L˜ = Pϕg(adA)(L)Pϕ.
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Step 3. Now, we set n = γt and consider eγtA+tL˜Pϕ for arbitrary γ, noting that for γt
noninteger this in general is not a physical (quantum operation) map. Since Eϕ and 1−Pϕ are
both diagonalizable, A is also diagonalizable,
A =
∑
|λk|=1,λk 6=1
akPk + a0[P0 + (1− Pϕ)], (7.5)
with purely imaginary spectrum ak, such that e
ak = λk, where Pk is the spectral projection of
E belonging to the eigenvalue λk with P0 belonging to the unit eigenvalue λ0 = 1 [note that
P0 + (1− Pϕ) is the spectral projection of Eϕ + (1− Pϕ) belonging to the unit eigenvalue and
hence a spectral projection of the primary logarithm A of Eϕ+(1−Pϕ), too], so that Theorem 1
of Ref. [27] (generalized adiabatic theorem) can be applied. In the adiabatic limit, Eq. (7.4)
becomes (
Eme tmnL · · · E1e tmnL
)n
= enAetPˆ(L˜)Pϕ +O(1/n), (7.6)
where the evolution is projected by
Pˆ( q ) = ∑
|λk|=1,λk 6=1
Pk q Pk + [P0 + (1− Pϕ)] q [P0 + (1− Pϕ)].
We notice that
Pˆ(Pϕ q Pϕ) = PϕPˆ( q )Pϕ = ∑
|λk|=1
Pk q Pk.
In addition, we have Pˆ ◦ adA = 0 and hence Pˆ ◦ g(adA) = Pˆ. Therefore,
Pˆ(L˜) = Pˆ(Pϕg(adA)(L)Pϕ) = PϕPˆ(g(adA)(L))Pϕ = PϕPˆ(L)Pϕ =
∑
|λk|=1
PkLPk = LZ .
Equation (7.6) is thus nothing but Eq. (4.1) of the theorem.
8 Examples
8.1 QZD by Pulsed Weak Measurements
Let us look at an example of the Zeno limit presented in Corollary 1 for the QZD via frequent
applications of quantum operations, which is a particular case of Theorem 1. This corollary
unifies and generalizes the QZDs via (i) frequent projective measurements and via (ii) frequent
unitary kicks. Here, we provide a simple but analytically tractable model for the QZD via
frequent weak measurements.
We consider a two-level system with a Hamiltonian
H =
1
2
ΩZ, (8.1)
where Z = |0〉〈0| − |1〉〈1|. We will also use X = |0〉〈1|+ |1〉〈0| and Y = −i(|0〉〈1| − |1〉〈0|) in the
following. During the unitary evolution e−itH with H = [H, q ], we repeatedly perform weak
nonselective measurement on X, whose action on the system state is described by the CPTP
map
E = (1− p) + pP, (8.2)
where
P = P q P +Q q Q = 1
2
(1 +X q X) (8.3)
is a projection (P2 = P) with projection operators
P =
I +X
2
, Q =
I −X
2
.
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The parameter p ranges from 0 to 1, and controls the strength of the measurement: for p = 1
the map E describes the perfect projective measurement P, while for p = 0 it does nothing,
gaining no information on X. The evolution of the system under the repeated measurements
is described by (Ee−i tnH)n, and we are interested in how the dynamics is projected in the Zeno
limit n→ +∞ (QZD by this type of weak measurement is studied in Refs. [33, 34]).
It is possible to analyze this dynamics analytically. Indeed, we can explicitly write down the
spectral representation of the map,
(Ee−i tnH)n =
∑
s,s′=±
λnss′Pss′ ,
where
λ++ = 1, λ+− = 1− p, λ−± =
(
1− p
2
)
cos(Ωt/n)± p
2
η
are the eigenvalues and
P+± = 1
4
(
1 + Z q Z ± [X(t/n) q X(t/n) + Y (t/n) q Y (t/n)]),
P−± = 1
4
{
1− Z q Z ± 1
η
[
X(t/n) q X(t/n)− Y (t/n) q Y (t/n)
− i
(
2
p
− 1
)
sin(Ωt/n)[Z, q ]]}
are the spectral projections, with
η =
√
1−
(
2
p
− 1
)2
sin2(Ωt/n)
and 
X(t) = X cos
Ωt
2
− Y sin Ωt
2
,
Y (t) = Y cos
Ωt
2
+X sin
Ωt
2
.
In the Zeno limit, it converges to
(Ee−i tnH)n → P as n→ +∞,
i.e. to the projection P given in Eq. (8.3). It is in accordance with Corollary 1: the peripheral
part of E in Eq. (8.2) is the projection Eϕ = P in Eq. (8.3), and the unitary generator −iH
with the Hamiltonian (8.1) is projected to LZ = −iPHP = 0. In more detail, it is possible to
estimate how it converges to the limit:
‖(Ee−i tnH)n − P‖ = 1
2n
Ωt
(
2
p
− 1
)√1
4
(Ωt)2 + 1 +
√
1
4
(Ωt)2 +
(
2
p
− 1
)−2+O(1/n2),
(8.4)
where we have chosen the operator norm defined in Eq. (3.3) to estimate the distance. For a
large but finite n, the correction is O(1/n), as stated in Corollary 1.
In Fig. 4, the distance ‖(Ee−i tnH)n−P‖ in Eq. (8.4) is plotted as a function of the number of
measurements n and the strength of the measurement p. The convergence to the QZD is faster
with a stronger (larger p) measurement.
8.2 QZD by CPTP Kicks with Persistent Oscillations
Let us look at another example of the Zeno limit presented in Corollary 1 for the QZD via
frequent CPTP kicks. Here, we provide a model in which two mechanisms work to induce the
QZD: relaxation and persistent oscillations.
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Figure 4: Contour plot of ‖(Ee−i tnH)n−P‖ versus the number of measurements n and the strength
of the measurement p, for the model analyzed in Sec. 8.1 [the first term in Eq. (8.4) is actually
plotted]. The parameter is set at Ωt = 1. The convergence to the QZD is faster with a stronger
(larger p) measurement.
We consider a three-level system evolving with the GKLS generator
L = −i[K, q ]− 1
2
(L†L q + q L†L− 2L q L†)
with
K = Ω0|0〉〈0|+ Ω1|1〉〈1|+ Ω2|2〉〈2| =
Ω0 Ω1
Ω2
 ,
L =
√
Γ
(
|1〉〈1|+ |2〉〈2|
)
=
√
Γ
0 1
1
 .
During the evolution, we repeatedly kick the system by the CPTP map
E = E0 + E1 = K0 q K†0 +K1 q K†1
with
K0 = |0〉〈1|+ |1〉〈0|+√q |2〉〈2| =
0 11 0 √
q
 ,
K1 =
√
1− q |0〉〈2| =
0 0 √1− q0 0 0
0 0 0
 .
Namely, we look at the evolution (Ee tnL)n with large n. The generator L describes pure dephas-
ing between |0〉 and the rest. On the other hand, the CPTP map induces transition from |2〉 to
|1〉 with a rate 1− q (0 ≤ q < 1) and at the same time flips the system between |0〉 ↔ |1〉. We
here restrict ourselves to the case q < 1. By repeatedly applying E , the system relaxes to the
subspace spanned by {|0〉, |1〉}, where the system keeps on oscillating between |0〉 and |1〉. In
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Figure 5: The convergence to the QZD via the repeated CPTP kicks in the model analyzed in
Sec. 8.2. The parameters other than q and Γt are set at Ω0t = 0.0, Ω1t = 1.0, and Ω2t = 2.0. The
dashed lines indicate 1/n. We have chosen the operator norm defined in Eq. (3.3) to estimate the
distance.
the Zeno limit n→ +∞, the generator L is projected by the two mechanisms: by the relaxation
from |2〉 to |1〉 and by the persistent oscillations between |0〉 and |1〉. Notice that the two Kraus
operators K0 and K1 do not commute and the two mechanisms act nontrivially.
Let us first see how the system evolves by the repeated applications of E . Applying E
repeatedly n times results in
En =

Kn0
q Kn0 + q − qn+11 + q |0〉〈2| q |2〉〈0|+ 1− qn1 + q |1〉〈2| q |2〉〈1| (n even),
Kn0
q Kn0 + 1− qn+11 + q |0〉〈2| q |2〉〈0|+ q − qn1 + q |1〉〈2| q |2〉〈1| (n odd).
(8.5)
As n increases, it asymptotically behaves as
En ∼ Un∞Pϕ,
with the asymptotic unitary U∞ = (X + |2〉〈2|) q (X + |2〉〈2|) and the projection
Pϕ = P q P + 1
2
(
P − 1− q
1 + q
Z
)
〈2| q |2〉
onto the peripheral spectrum of E , where P = |0〉〈0| + |1〉〈1|, X = |0〉〈1| + |1〉〈0|, Y =
−i(|0〉〈1| − |1〉〈0|), and Z = |0〉〈0| − |1〉〈1|. The peripheral spectrum of E consists of two
peripheral eigenvalues, λ0 = 1 and λ1 = −1, with the corresponding spectral projections given
by 
P0 = 1
2
(
P tr( q ) +X tr(X q )),
P1 = 1
2
(
Y tr(Y q ) + Z tr(Z q )− 1− q
1 + q
Z〈2| q |2〉) .
Then, according to Corollary 1, the generator L is projected to
LZ =
∑
k=0,1
PkLPk = −1
4
Γ
(
X tr(X q ) + Y tr(Y q ))
in the Zeno limit n→ +∞.
See Fig. 5, where the convergence to the QZD is numerically demonstrated for several sets
of parameters.
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8.3 QZD by Multiple Projective Measurements
In Corollary 2, we presented the QZD via cycles of multiple selective projective measurements.
It is a generalization of the standard QZD via frequent repetitions of a projective measurement,
and is a variant of the QZD via cycles of multiple CPTP kicks proved in Theorem 1. Here we
provide simple examples for Corollary 2 and Theorem 1.
Let us consider a three-level system with a Hamiltonian H, and two different projective
measurements: one is characterized by a pair of Hermitian projection operators
P1 = |1〉〈1|+ |2〉〈2| =
0 1
1
 , Q1 = I − P1,
and the other by another pair of Hermitian projection operators
P2 =
|0〉+ |1〉√
2
〈0|+ 〈1|√
2
+ |2〉〈2| =
1/2 1/21/2 1/2
1
 , Q2 = I − P2.
If we concatenate the two selective projective measurements P1 and P2, we get
P2P1 =
1
2
(
|0〉+ |1〉
)
〈1|+ |2〉〈2| =
0 1/20 1/2
1
 .
This admits three eigenvalues 1, 1/2, and 0, and its peripheral part is given by
Pϕ = |2〉〈2| =
0 0
1
 ,
which is Hermitian (although P2P1 is not) and is the simultaneous eigenprojection of P1 and
P2 belonging to the unit eigenvalue 1. This demonstrates Lemma 8. According to Corollary 2,
the bang-bang sequence of the selective measurements P1 and P2 during the unitary evolution
e−itH projects the dynamics to
(P2e
−i t2nHP1e−i
t
2nH)n → Pϕe−itPϕHPϕ as n→ +∞. (8.6)
The system is confined in the one-dimensional space |2〉, and the Zeno Hamiltonian HZ =
PϕHPϕ ∝ |2〉〈2| yields just a phase as time goes on.
If we collect any outcomes of the measurements, the bang-bang sequence in Eq. (8.6) is
modified to (P2e−i t2nHP1e−i t2nH)n with CPTP projections
Pi = Pi q Pi +Qi q Qi (i = 1, 2)
representing nonselective measurements, and H = [H, q ]. In this case, we get
P2P1 = 1
2
P tr(P q ) + |2〉〈2| q |2〉〈2|+ 1
2
(
|0〉+ |1〉
)
〈1| q |2〉〈2|+ 1
2
|2〉〈2| q |1〉(〈0|+ 〈1|),
where P = |0〉〈0| + |1〉〈1|. Its spectrum consists of the eigenvalues 1, 1/2, and 0, with the
projection onto the peripheral spectrum given by
Pϕ = 1
2
P tr(P q ) + |2〉〈2| q |2〉〈2|.
According to Theorem 1, the bang-bang sequence of the nonselective measurements P1 and P2
during the unitary evolution e−itH projects the dynamics to
(P2e−i t2nHP1e−i t2nH)n → Pϕe−itHZ as n→ +∞,
where
HZ = 1
2
Pϕ(H+ P2HP1)Pϕ = 0.
The Hilbert space is split into two subspaces {|0〉, |1〉} and {|2〉} with no evolution there. It is
essentially the same as the QZD in Eq. (8.6) by the selective measurements.
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Figure 6: Contour plots of ‖(Ee−i tnH)n − P‖ versus the total measurement time nτ and the time
τ spent for each measurement, for the model given in Sec. 8.1 [the first term in Eq. (8.4) is
actually plotted]. We choose three different functions p(τ) for the strength of the measurement: (a)
p(τ) = 1 − e−τ/T , (b) p(τ) = sin(piτ/2T ), and (c) p(τ) = sin2(piτ/2T ), where T is a characteristic
time of each measurement process. The parameter is set at Ωt = 1. We see that the optimal
measurements to save total measurement time are nonprojective measurements in these examples.
8.4 Efficiency in Time by Pulsed Weak Measurements
In real experiments, it takes time to perform strong (projective) measurements (it takes time to
project a system). While the convergence to QZD would be faster with a stronger measurement
(requiring less number of measurements; see Fig. 4), it would consume more experimental time.
Since Theorem 1 tells us that QZD can be induced even via weak measurements, it would be
better to proceed to the next measurement without waiting for a system being projected by a
measurement, to save experimental time. It is actually the case. Let us see the efficiency in
inducing QZD in terms of experimental time.
Consider, for instance, the model analyzed in Sec. 8.1. Suppose that we spend time τ for
each measurement E . The strength of the measurement p is a monotonically increasing function
of the measurement time τ in general. We perform n measurements E at time intervals t/n, i.e.,
the system evolves as (Ee−i tnH)n. Here, we assume that the unitary evolution of the system is
turned off during the measurement process, or that the coupling to the measurement apparatus
is strong enough so that the unitary evolution during the measurement process is negligible.
The total time spent for the n measurements is given by nτ and the total experimental time is
nτ + t.
We consider three models for the strength of the measurement p(τ) as a function of mea-
surement time τ : (a) p(τ) = 1 − e−τ/T , (b) p(τ) = sin(piτ/2T ), and (c) p(τ) = sin2(piτ/2T ),
where T is a characteristic time of each measurement process. In the first model (a) projec-
tive measurement p → 1 is realized in the limit τ → +∞, while in the other models (b) and
(c) the measurement becomes perfectly projective p = 1 at τ = T . In Fig. 6, the distance
‖(Ee−i tnH)n − P‖ to the QZD is shown versus the total measurement time nτ and the time τ
spent for each measurement, for the measurement models (a)–(c). We see that it is better to
proceed with nonprojective measurements to save time in these examples.
Acknowledgments
DB acknowledges support by Waseda University and partial support by the EPSRC Grant
No. EP/M01634X/1. This work was supported by the Top Global University Project from
19
the Ministry of Education, Culture, Sports, Science and Technology (MEXT), Japan. KY
was supported by the Grant-in-Aid for Scientific Research (C) (No. 18K03470) from the Japan
Society for the Promotion of Science (JSPS) and by the Waseda University Grant for Special
Research Projects (No. 2018K-262). PF and SP are supported by INFN through the project
‘QUANTUM’. PF is supported by the Italian National Group of Mathematical Physics (GNFM-
INdAM).
Appendix
A Some Basic Lemmas
Here we prove five basic lemmas. The first one (Lemma 4) concerns a bound on the maps
representing quantum operations. It gives a universal bound valid for any quantum operation.
The second one (Lemma 5) is related to the relaxation to the peripheral eigenspace of quantum
operation by its repeated applications. Such bounds are known (e.g. Refs. [37, Lemma 8.5
and Theorem 8.24], [41], and [42]), but we need a generalized version of them for our purpose.
The point is that, to apply Lemma 3, we need to bound families of maps like (PϕEnPϕ)k and
(En − PϕEnPϕ)k as in Eqs. (5.5) and (5.6) universally for any n large enough. To make the
bounds in Lemma 5 more explicit for the particular sequence of quantum maps relevant to
Theorem 1, we prove Lemmas 6 and 7. Finally, in Lemma 8, we prove some facts on the
product of Hermitian projection operators, which are used to get Corollary 2 from Theorem 1.
Lemma 4 (Norm of quantum operation [43]). Consider the d2-dimensional Hilbert space T2 of
operators on a d-dimensional Hilbert space H, with the Hilbert-Schmidt inner product 〈X|Y 〉2 =
tr(X†Y ) for X,Y ∈ T2. The operator norm of any quantum operation E : T2 → T2 is bounded
by
‖E‖ ≤
√
d.
Proof. Recall the definition of the operator norm of A : T2 → T2 in Eq. (3.3):
‖A‖ = sup
‖X‖2=1
‖A(X)‖2,
where ‖X‖2 = [tr(X†X)]1/2. We have ‖A†‖ = ‖A‖. Moreover, for any operator X on the
Hilbert space H, we have that
‖X‖∞ ≤ ‖X‖2 ≤
√
d‖X‖∞,
where ‖X‖∞ = sup‖v‖=1 ‖Xv‖ with v ∈ H.
Now, we have that ‖E†(X)‖∞ ≤ ‖E†(I)‖∞‖X‖∞ by a theorem of Russo and Dye [44,
Corollary 2.9]. But the adjoint of a quantum operation E is subunital, E†(I) ≤ I. Therefore,
‖E†(X)‖2 ≤
√
d‖E†(X)‖∞ ≤
√
d‖E†(I)‖∞‖X‖∞ ≤
√
d‖I‖∞‖X‖∞ ≤
√
d‖X‖∞ ≤
√
d‖X‖2,
whence
‖E‖ = ‖E†‖ ≤
√
d.
We note that a more natural choice of norm for CP maps would be the trace norm, in which
they are contractive. For our purposes, however, this does not simplify matters and we stick to
the operator norm.
The next Lemma is a variant of Refs. [37, Lemma 8.5 and Theorem 8.24] and [41].
Lemma 5. Let (En) be a convergent sequence of quantum operations on a d-dimensional quan-
tum system with
En → E as n→ +∞.
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Let Pϕ be the peripheral spectral projection of the quantum operation E, and µ0 = r(E −Eϕ) < 1
the spectral radius of its nonperipheral part. Then, for any µ ∈ (µ0, 1) there exists an integer
n0 > 0 and a positive number K > 0 such that
‖(En − PϕEnPϕ)k‖ ≤ Kµk, (A.1)
for all k ∈ N and for all n > n0.
Proof. Given µ ∈ (µ0, 1), fix a µ1 ∈ (µ0, µ) and define E ′n = En − PϕEnPϕ. Since
r(E ′n)→ r(E − PϕEPϕ) = µ0 < 1,
as n→ +∞, there exists an integer n0 > 0 such that
r(E ′n) < µ1 < µ < 1, ∀n > n0.
Recall now that E ′n can be transformed into an upper-triangular matrix by a unitary trans-
formation Un (Schur triangulation),
E ′n = U†n(Λn +Nn)Un,
where Λn is diagonal while Nn is a strictly upper-triangular matrix with vanishing diagonal
elements, which is nilpotent,
N d2n = 0.
Since Pϕ is a quantum operation by Proposition 1 (iii), PϕEnPϕ is also a quantum operation.
Then, the operator norm of the nilpotent part Nn is bounded as
‖Nn‖ = ‖UnE ′nU†n − Λn‖
≤ ‖E ′n‖+ ‖Λn‖
≤ ‖En‖+ ‖PϕEnPϕ‖+ ‖Λn‖
≤ 2
√
d+ µ1,
where we have used the fact that ‖En‖, ‖PϕEnPϕ‖ ≤
√
d by Lemma 4, and the fact that ‖Λn‖ =
r(E ′n) ≤ µ1.
Now, we estimate the norm ‖E ′kn ‖ = ‖(Λn +Nn)k‖. To this end, notice that, in the binomial
expansion of (Λn + Nn)k, the terms in which Nn appears more than d2 − 1 times vanish,
irrespective of the fact that Λn and Nn do not commute in general. Then, we can bound the
norm as
‖E ′kn ‖ = ‖(Λn +Nn)k‖
≤
min(k,d2−1)∑
j=0
(
k
j
)
‖Λn‖k−j‖Nn‖j
≤
min(k,d2−1)∑
j=0
(
k
j
)
µk−j1 (2
√
d+ µ1)
j
≤
d2−1∑
j=0
kj
j!
µk−j1 (2
√
d+ µ1)
j
≤ kd2−1µk1
+∞∑
j=0
1
j!
(
2
√
d
µ1
+ 1
)j
= e2
√
d/µ1+1kd
2−1µk1 , ∀k ∈ N, ∀n > n0,
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that is
‖(En − PϕEnPϕ)k‖ ≤ K1kd2−1µk1 , ∀k ∈ N, ∀n > n0, (A.2)
with K1 = e
2
√
d/µ1+1.
Finally, since µ > µ1, we can always find a K ≥ K1 such that
K1k
Dµk1 ≤ Kµk, ∀k ∈ N,
where D = d2 − 1. Indeed, we have
log
Kµk
K1kDµk1
= log
K
K1
+ k log
µ
µ1
−D log k
≥ log K
K1
+D −D log D
log(µ/µ1)
.
We can make it nonnegative by choosing
K ≥ K1
(
D
e log(µ/µ1)
)D
= e2
√
d/µ1+1
(
d2 − 1
e log(µ/µ1)
)d2−1
.
Together with Eq. (A.2) this gives the bound (A.1) of the lemma.
Remark 9. The constant in Eq. (A.1) can be chosen as
K = e2
√
d/µ0+1
(
2(d2 − 1)
e log(µ/µ0)
)d2−1
,
if one takes µ1 =
√
µµ0 in the proof.
Moreover, notice that in fact in the proof we have obtained the tighter bound (A.2):
‖(En − PϕEnPϕ)k‖ ≤ Kkd2−1µk, ∀k ∈ N, ∀n > n0,
with K = e2
√
d/µ+1.
In the proof of Theorem 1, we use Lemma 5 for the sequence of quantum operations E˜n =
Eme tmnL · · · E1e tmnL in Eq. (7.2), which converges to a quantum operation E = Em · · · E1 in
the limit n → +∞. The following lemma explicitly clarifies the bound on the speed of the
convergence.
Lemma 6. Let {E1, . . . , Em} be a finite set of quantum operations and L be a GKLS generator
of a d-dimensional quantum system. Then, we have
‖Eme tmnL · · · E1e tmnL − E‖ ≤ dm/2 t
n
‖L‖e tn‖L‖, ∀n ∈ N,
uniformly in t on compact intervals of [0,+∞), where E = Em · · · E1.
Proof. We split each piece of the evolution as e
t
mnL = 1 + (e
t
mnL − 1). The deviation from the
identity map is bounded by
‖e tmnL − 1‖ ≤ e tmn‖L‖ − 1.
Then, the distance is bounded by
‖Eme tmnL · · · E1e tmnL − E‖ ≤ dm/2
m∑
j=1
(
m
j
)
‖e tmnL − 1‖j
= dm/2
[(
1 + ‖e tmnL − 1‖
)m
− 1
]
≤ dm/2
(
e
t
n‖L‖ − 1
)
= dm/2
t
n
‖L‖e t∗n ‖L‖
≤ dm/2 t
n
‖L‖e tn‖L‖,
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where we have used ‖Ej‖ ≤
√
d (j = 1, . . . ,m) (Lemma 4) and the mean-value theorem, [F (t)−
F (0)]/t = F ′(t∗) for some t∗ ∈ [0, t], for F (t) = e tn‖L‖, with F ′(t) denoting the derivative of
F (t) with respect to t.
Lemma 5 states that for any µ ∈ (µ0, 1) there exists an integer n0 > 0 such that Eq. (A.1)
holds for all n > n0. The smaller µ is, the faster the bound shrinks as k increases. However,
if we demand that µ is (larger than but) very close to µ0 = r(E − PϕEPϕ), the spectral radius
of the nonperipheral part of the limit map E , namely the largest among the magnitudes of its
nonperipheral eigenvalues, we would need a very large n0. The following lemma clarifies such a
trade-off between n0 and µ, for the bang-bang sequence E˜n = Eme tmnL · · · E1e tmnL in Eq. (7.2)
relevant to Theorem 1.
Lemma 7. Let {E1, . . . , Em} be a finite set of quantum operations and L be a GKLS generator
of a d-dimensional quantum system. We consider the sequence of quantum operations E˜n =
Eme tmnL · · · E1e tmnL, which converges to E = Em · · · E1 in the limit n → +∞, and let Pϕ the
peripheral spectral projection of E. Then, to bound ‖(E˜n − PϕE˜nPϕ)k‖ by Lemma 5, we can
choose n0 satisfying
µ0 +
(
(1 + d)dm/2+2
t
n0
‖L‖e tn0 ‖L‖
)1/d2 (
1 + ‖Nn0‖
)
≤ µ < 1, (A.3)
where Nn is the nilpotent part of Θn = (E˜n − E)− Pϕ(E˜n − E)Pϕ.
Proof. The constant µ > µ0 = r(E − PϕEPϕ) is to bound the spectral radius r(E˜ ′n) of E˜ ′n =
E˜n − PϕE˜nPϕ for all n > n0. We wish to know how much µ should be larger than µ0 to bound
r(E˜ ′n) from above.
To this end, we use Theorem 7.2.3 of Ref. [45] concerning how much the eigenvalues can
be altered by a perturbation for generic matrices (including nondiagonalizable ones). Let λ
denote the largest (in magnitude) eigenvalue of E ′ = E − PϕEPϕ and λ˜` the eigenvalues of E˜ ′n.
According to Theorem 7.2.3 of Ref. [45], we have
min
`
|λ˜` − λ| ≤ max{θn, θ1/pnn },
where
θn = ‖Θn‖
pn−1∑
j=0
‖Nn‖j ,
with Θn = E˜ ′n − E ′, Nn being its nilpotent part, and pn being the smallest integer such that
N pnn = 0. Caring about the worst case, we have a bound
r(E˜ ′n) ≤ r(E ′) + max{θn, θ1/pnn }. (A.4)
Using Lemma 6, ‖Θn‖ is bounded by
‖Θn‖ ≤ (1 + d)‖E˜n − E‖ ≤ (1 + d)dm/2 t
n
‖L‖e tn‖L‖,
and θn by
θn ≤ (1 + d)dm/2+2 t
n
‖L‖e tn‖L‖
(
1 + ‖Nn‖
)d2
.
Note that ‖Pϕ‖ ≤
√
d (Lemma 4),
∑pn−1
j=0 ‖Nn‖j ≤ pn max{1, ‖Nn‖pn−1} ≤ d2(1+‖Nn‖)d
2
, and
pn ≤ d2. Once this upper bound on θn becomes smaller than 1 by increasing n, the bound (A.4)
is reduced to
r(E˜ ′n) ≤ r(E ′) + θ1/d
2
n
≤ r(E ′) +
(
(1 + d)dm/2+2
t
n
‖L‖e tn‖L‖
)1/d2 (
1 + ‖Nn‖
)
,
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and we get the condition (A.3) on n0. Note that µ should be strictly smaller than 1; otherwise
it does not make sense.
Lemma 8 (Peripheral part of the product of Hermitian projections). Let {P1, . . . , Pm} be a set
of Hermitian projection operators, P 2j = Pj = P
†
j for j = 1, . . . ,m, on a Hilbert space. Then,
the peripheral part of the product Pm · · ·P1 is given by the Hermitian projection
Pϕ = P1 ∧ · · · ∧ Pm
onto the intersection of the ranges ranP1 ∩ · · · ∩ ranPm. We get PϕPj = PjPϕ = Pϕ for all
j = 1, . . . ,m.
Proof. Suppose that P2P1 admits a peripheral eigenvalue λ, and let u 6= 0 be the corresponding
eigenvector,
P2P1u = λu with |λ| = 1. (A.5)
By the Cauchy-Schwarz inequality, we have
‖u‖2 = ‖P2P1u‖2 = 〈P1u|P2P1u〉 ≤ ‖P1u‖‖P2P1u‖ ≤ ‖u‖2,
where we have used ‖Pj‖ ≤ 1 and Eq. (A.5). The two inequalities are actually saturated,
implying
P1u = u.
This simplifies Eq. (A.5) to
P2u = λu,
and hence one gets that λ = 1. In this way, the peripheral eigenvalue of P2P1, if any, is 1, and
the corresponding eigenvector u is a simultaneous eigenvector of P1 and P2 belonging to their
nonvanishing eigenvalue 1. Moreover, since we have
(P2P1)
†u = P1P2u = u,
the conjugate of u is a left-eigenvector of P2P1 belonging to the same eigenvalue 1. Therefore,
the peripheral part of P2P1 is diagonalizable and is the Hermitian projection
Pϕ = P1 ∧ P2
onto ranP1 ∩ ranP2, the intersection of the ranges of P1 and P2.
By induction we get that the peripheral part of Pm · · ·P1 is given by the Hermitian projection
Pϕ = P1 ∧ · · · ∧ Pm
onto the intersection of the ranges ranP1 ∩ · · · ∩ ranPm.
B Proof of Lemma 3
Here we prove one of our key lemmas, Lemma 3.
Proof of Lemma 3. We split En into two parts by the projection P as
En = PEnP + E
′
n,
and consider the expansion
Enn = (PEnP + E
′
n)
n
= (PEnP )
n +
bn2 c∑
`=1
Rn,2` +
bn2 c∑
`=1
R′n,2` +
bn−12 c∑
`=1
Rn,2`+1 +
bn−12 c∑
`=1
R′n,2`+1 + E
′n
n (B.1)
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with
Rn,2` =
∑
k,k′∈N`
|k|+|k′|=n
(PEnP )
k1E
′k′1
n (PEnP )
k2E
′k′2
n · · · (PEnP )k`E′k
′
`
n ,
R′n,2` =
∑
k,k′∈N`
|k|+|k′|=n
E
′k′1
n (PEnP )
k1E
′k′2
n (PEnP )
k2 · · ·E′k′`n (PEnP )k` ,
Rn,2`+1 =
∑
k∈N`+1, k′∈N`
|k|+|k′|=n
(PEnP )
k1E
′k′1
n (PEnP )
k2E
′k′2
n · · ·E′k
′
`
n (PEnP )
k`+1 ,
R′n,2`+1 =
∑
k∈N`, k′∈N`+1
|k|+|k′|=n
E
′k′1
n (PEnP )
k1E
′k′2
n (PEnP )
k2 · · · (PEnP )k`E′k
′
`+1
n ,
where k = (k1, . . . , kj) and k
′ = (k′1, . . . , k
′
j) are multi-indices of integers with j = ` or ` + 1,
|k| = k1 + · · ·+kj denotes the order of k, and bxc denotes the greatest integer less than or equal
to x. We are going to show that the corrections to the first contribution (PEnP )
n in Eq. (B.1)
accumulate only up to O(1/n).
We first note that, since PE′nP = 0 by construction, the contributions with k
′
i = 1 for some
i between two (PEnP )’s vanish and do not contribute to Rm or R
′
m. Therefore, k
′
i ≥ 2 for any
i sandwiched by (PEnP )’s. Second, PEn = EnP +O(1/n) [Eq. (5.4) in condition 1] implies
PEnP = PEn +O(1/n) = EnP +O(1/n),
and hence, since E′n = En − PEnP ,
PE′n = O(1/n), E′nP = O(1/n). (B.2)
Therefore, each contact between PEnP and E
′
n yields O(1/n), and we are advised to count
the number of the contacts in the corrections to see the orders of the contributions: R2` and
R′2` have (2`− 1) contacts, while R2`+1 and R′2`+1 have 2` contacts. Third, since ‖PEnP‖ and
‖E′n‖ can be greater than 1, it is not helpful to bound the corrections like ‖(PEnP )k1E′k
′
1
n · · · ‖ ≤
‖PEnP‖k1‖E′n‖k
′
1 · · · . On the other hand, we have the bounds (5.5) and (5.6) (conditions 2 and
3), which facilitate bounding the corrections.
Let us start estimating the corrections. Thanks to Eq. (5.6) (condition 3), the last correction
in Eq. (B.1) is bounded by
‖E′nn ‖ ≤ Kµn,
which is o(1/n) as n→ +∞.
Let us set
Cn = max{‖E′nP‖, ‖PE′n‖} = O(1/n), (B.3)
where we have used Eq. (B.2). By the bounds (5.5) and (5.6) (conditions 3 and 4), the correction
Rn,2` is bounded as
‖Rn,2`‖ ≤
∑
k∈N`, k′≥(2,...,2,1)
|k|+|k′|=n
‖(PEnP )k1‖‖PE′n‖‖E′k
′
1−2
n ‖‖E′nP‖‖(PEnP )k2‖ · · ·
· · · ‖E′k
′
`−1−2
n ‖‖E′nP‖‖(PEnP )k`‖‖PE′n‖‖E′k
′
`−1
n ‖
≤M `K`C2`−1n
∑
k∈N`, k′≥(2,2,...,1)
|k|+|k′|=n
µ|k
′|−2`+1
= M `K`C2`−1n
∑
k′∈N`
|k′|≤n−2`+1
µ|k
′|−` ∑
k∈N`
|k|=n−|k′|−`+1
1
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= M `K`C2`−1n
∑
k′∈N`
|k′|≤n−2`+1
(
n− |k′| − `
`− 1
)
µ|k
′|−`
≤M `K`C2`−1n
n`−1
(`− 1)!
∑
k′∈N`
|k′|≤n−2`+1
µ|k
′|−`
≤M `K`C2`−1n
n`−1
(`− 1)!
1
(1− µ)`
≡ an,`,
where we have used the identities∑
k∈N`
|k|=m
1 =
(
m− 1
`− 1
)
,
∑
k∈N`
µ|k|−` =
(∑
j≥0
µj
)`
=
1
(1− µ)` ,
and the inequality (
n−m
j
)
≤ n
j
j!
.
The correction R′n,2` is bounded as
‖R′n,2`‖ ≤
∑
k∈N`, k′≥(1,2,...,2)
|k|+|k′|=n
‖E′k′1−1n ‖‖E′nP‖‖(PEnP )k1‖‖PE′n‖‖E′k
′
2−2
n ‖ · · ·
· · · ‖(PEnP )k`−1‖‖PE′n‖‖E′k
′
`−2
n ‖‖E′nP‖‖(PEnP )k`‖
≤M `K`C2`−1n
∑
k∈N`, k′≥(1,2,...,2)
|k|+|k′|=n
µ|k
′|−2`+1
= M `K`C2`−1n
∑
k′∈N`
|k′|≤n−2`+1
µ|k
′|−` ∑
k∈N`
|k|=n−|k′|−`+1
1
≤ an,`,
as for ‖Rn,2`‖.
The correction Rn,2`+1 is bounded as
‖Rn,2`+1‖ ≤
∑
k∈N`+1, k′≥(2,...,2)
|k|+|k′|=n
‖(PEnP )k1‖‖PE′n‖‖E′k
′
1−2
n ‖‖E′nP‖‖(PEnP )k2‖ · · ·
· · · ‖(PEnP )k`‖‖PE′n‖‖E′k
′
`−2
n ‖‖E′nP‖‖(PEnP )k`+1‖
≤M `+1K`C2`n
∑
k∈N`+1, k′≥(2,...,2)
|k|+|k′|=n
µ|k
′|−2`
= M `+1K`C2`n
∑
k′∈N`
|k′|≤n−2`−1
µ|k
′|−` ∑
k∈N`+1
|k|=n−|k′|−`
1
= M `+1K`C2`n
∑
k′∈N`
|k′|≤n−2`−1
(
n− |k′| − `− 1
`
)
µ|k
′|−`
≤M `+1K`C2`n
n`
`!
1
(1− µ)`
≡ bn,`.
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Finally, the correction R′n,2`+1 is bounded as
‖R′n,2`+1‖ ≤
∑
k∈N`, k′≥(1,2,...,2,1)
|k|+|k′|=n
‖E′k′1−1n ‖‖E′nP‖‖(PEnP )k1‖‖PE′n‖‖E′k
′
2−2
n ‖ · · ·
· · · ‖E′k′`−2n ‖‖E′nP‖‖(PEnP )k`‖‖PE′n‖‖E
′k′`+1−1
n ‖
≤M `K`+1C2`n
∑
k∈N`, k′≥(1,2,...,2,1)
|k|+|k′|=n
µ|k
′|−2`
= M `K`+1C2`n
∑
k′∈N`+1
µ|k
′|−`−1 ∑
k∈N`
|k|=n−|k′|−`+1
1
= M `K`+1C2`n
∑
k′∈N`+1
(
n− |k′| − `
`− 1
)
µ|k
′|−`−1
≤M `K`+1C2`n
n`−1
(`− 1)!
1
(1− µ)`+1
≡ cn,`.
Collecting all these bounds, the correction to the leading contribution (PEnP )
n in Eq. (B.1)
is bounded by ∥∥∥∥∥
bn2 c∑
`=1
Rn,2` +
bn2 c∑
`=1
R′n,2` +
bn−12 c∑
`=1
Rn,2`+1 +
bn−12 c∑
`=1
R′n,2`+1 + E
′n
n
∥∥∥∥∥
≤ 2
∞∑
`=1
an,` +
∞∑
`=1
bn,` +
∞∑
`=1
cn,` +Kµ
n
= M
[(
1 +
K
1− µCn
)2
e
MK
1−µnC
2
n − 1
]
+Kµn
= O(1/n),
since Cn = O(1/n), by Eq. (B.3). This proves the lemma.
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